Introduction {#Sec1}
============

The quantum speed limit (QSL) time^[@CR1],[@CR2]^ is defined as the minimal time a quantum system needs to evolve from an initial state to a target state, which can be used to characterize the maximal speed of evolution of a quantum system. It arises in tremendous areas of quantum physics and quantum information, such as nonequilibrium thermodynamics^[@CR3]^, quantum metrology^[@CR4]^, quantum optimal control^[@CR5]^, quantum computation^[@CR6],[@CR7]^, quantum communication^[@CR3],[@CR8]^, and has been studied extensively due to its fundamental importance. An important question is how to exploit the available resources to achieve the highest speed of quantum evolution where the problem of determining it is relevant to deriving physical limits in a variety of contexts. In closed systems, entanglement has been taken as a resource in the speedup of quantum evolution^[@CR9]--[@CR11]^. Since any real system is coupled to its environment in the practical scenarios, a considerable effort has been devoted to study controlling speedup in open quantum systems^[@CR12]--[@CR14]^. In this regard, Deffner and Lutz showed that the dynamical acceleration in the damped Jaynes-Cummings model for a two-level system can be induced by the non-Markovian effect, and therefore results in a smaller QSL time^[@CR14]^. This phenomenon has been verified in different settings^[@CR15]--[@CR18]^ and confirmed by the experiment in cavity quantum electrodynamics (QED) systems^[@CR19]^, where an atomic beam is treated as a controllable environment for the cavity field system. Recently, the authors of ref. ^[@CR20]^ showed that both the non-Markovianity and the quantum speedup are attributed to the formation of a special eigenstate, known as a bound state, which has negative eigenenergy and is separated from the other ones by an energy gap^[@CR21]--[@CR24]^. It was demonstrated that if the bound state in a two-level system coupled to an environment with Ohmic spectrum is established, the evolution of the system becomes non-Markovian, and this results in quantum speedup. They found a monotonic relation between them such that providing bound states with more negative energy can result in a higher degree of non-Markovianity, and this also leads to bigger speed of quantum evolution. Despite the growing body of literature on this subject, the analysis has almost exclusively focused on the simpler settings and to our knowledge, the mechanism of speedup has not been investigated in the more complex settings.

The aim of the present study is to investigate the relationship between the quantum speedup, non-Markovianity and formation of a system-environment bound state in the more complex settings. To this aim, we study the mechanism of quantum speedup for a two-level system and a V-type three-level system in the presence of similar and additional systems. We illustrated that there is a monotonic relation between the quantum speedup and the formation of a system-environment bound state. In particular, we show that the bound states with more negative energy provided by the additional systems can speed up the quantum evolution. However, it is figure out that there is not such monotonic relation between the quantum speedup and the non-Markovianity. We demonstrate that although non-Markovianity governs the quantum speedup in the absence of additional systems, it is neither necessary nor sufficient to speed up the quantum evolution when the environment becomes more complex in the presence of additional systems. On the other hand, our results suggest that only the formation of the system-environment bound state is the essential reason for the quantum speedup.

Results {#Sec2}
=======

The condition for the existence of a bound state in a system including *N* atoms {#Sec3}
--------------------------------------------------------------------------------

This section is devoted to a system containing *N* non-interacting atoms coupled to a reservoir, as depicted in Fig. [1](#Fig1){ref-type="fig"}. As will be discussed in the following cases, we check the energy distribution of the Hamiltonian of the mentioned system by considering the atoms as two-level and three-level systems. Then, it will be shown that how the system-environment bound state, as a special eigenstate with eigenvalue residing in the band gap of the energy spectrum, can be formed in these models.Figure 1The figure corresponds to seven atoms (N = 7) immersed in a common reservoir. The central atom (the orange circle) is considered as our main concern of the single-atom system and the $\documentclass[12pt]{minimal}
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                \begin{document}$$N-1$$\end{document}$ remainder ones are considered as the additional atoms (the blue circles).

### **Case I:** {#FPar1}

**Two-level systems**. By considering the atoms as two-level systems, the Hamiltonian of the whole system can be written as ($\documentclass[12pt]{minimal}
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Considering the single excitation subspace, the commutation of Hamiltonian with the number operator of excitations (i.e., $\documentclass[12pt]{minimal}
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### **Case II:** {#FPar2}

**Three-level systems**. After studying the energy spectrum of the system including *N* two-level systems in a common reservoir, we investigate this problem by considering three-level systems in V configuration. By considering two excited states for each atom, on the other hand, each of them spontaneously decays into the ground state in such a way that the respective dipole moments of transitions may have interaction with each other through spontaneously generated interference (SGI). Also, for a given V-type atom, the decaying frequencies of excited states $\documentclass[12pt]{minimal}
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Now, we want to study the energy spectrum of *N* three-level systems in a common reservoir. For this purpose, the following eigenvalue equation is solved$$\documentclass[12pt]{minimal}
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By taking a Lorentzian spectral density as given in Eq. ([40](#Equ40){ref-type=""}) and under the assumption considered in Methods, we have $\documentclass[12pt]{minimal}
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It is clear that the functionality of the spectral density of the reservoir $\documentclass[12pt]{minimal}
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QSL time and non-Markovianity {#Sec4}
-----------------------------

Here, we aim to evaluate QSL time bound and non-Markovianity of a single atom (two-level or three-level) in the presence of ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N-1$$\end{document}$) additional atoms where all of the atoms are contained in a common reservoir. In this regard, for discussed cases I and II, the first atom (*l* = 1) is taken as the main concern of the our single system and ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N-1$$\end{document}$) remainder atoms are taken as additional atoms.

According to ref.^[@CR14]^, a unified expression for the QSL time is provided in open quantum systems as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\rm{QSL}}}=\,{\rm{\max }}\{\frac{1}{{\Lambda }_{\tau }^{1}},\frac{1}{{\Lambda }_{\tau }^{2}},\frac{1}{{\Lambda }_{\tau }^{\infty }}\}\,{\sin }^{2}[ {\mathcal B} (\rho (0),\rho (\tau ))],$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\mathcal B} (\rho (0),\rho (\tau ))=\arccos (\sqrt{\langle \phi (0)|\rho (\tau )|\phi (0)\rangle })$$\end{document}$, is the Bures angle between initial pure state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (0)=|\phi (0)\rangle \langle \phi (0)|$$\end{document}$ and the target state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (\tau )$$\end{document}$ governed by the time-dependent non-unitary equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ {\mathcal L} }_{t}(\rho (t))=\dot{\rho }(t)$$\end{document}$, and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Lambda }_{\tau }^{p}=\frac{1}{\tau }\,{\int }_{0}^{\tau }\,dt\parallel { {\mathcal L} }_{t}(\rho (t)){\parallel }_{p},$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\parallel X{\parallel }_{p}={({x}_{1}^{p}+\ldots +{x}_{n}^{p})}^{1/p}$$\end{document}$, which denotes the Schatten p-norm and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${x}_{1},\ldots ,{x}_{n}$$\end{document}$ are the singular values of *X*. The intrinsic speed of a dynamical evolution is likely to evaluate by applying the recent achieved bound for the QSL time and a given actual driving time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$. For the case of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\rm{QSL}}}=\tau $$\end{document}$, there is no potential capacity for further speedup and speedup does not appear. But, when we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\rm{QSL}}} < \tau $$\end{document}$, it indicates the potential capacity for quantum dynamical speedup.

We first consider the exactly solvable model for a two-level system in the presence of (*N* − 1) additional atoms which are immersed in a common reservoir (see Methods). For simplicity and without loss of generality, we suppose that our considered system (the 1th atom) is initially in the excited state $\documentclass[12pt]{minimal}
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Moreover, according to ref.^[@CR25]^ the non-Markovian dynamics of the considered two-level atom can be studied through the notion of the reverse flow of information from the reservoir back to the system. Here, we apply this measure of non-Markovianity as follows$$\documentclass[12pt]{minimal}
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It is clear that, the QSL time is related to the non-Markovianity $\documentclass[12pt]{minimal}
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Next, the QSL time bound for a V-type three-level atom in the presence of ($\documentclass[12pt]{minimal}
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Moreover, the measure of non-Markovianty for the considered V-type three-level atom can be obtained by considering the optimized pair of initial states proposed by ref.^[@CR27]^. In this regard, we use the definition of trace distance, $\documentclass[12pt]{minimal}
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Here, in contrast to the previous case, we emphasize that no explicit relationship can be established between the non-Markovianity and the QSL time bound of the considered V-type three-level atom.

Discussion {#Sec5}
==========

In the following, we illustrate the influence of non-Markovianity and formation of a bound state on the QSL time for our considered model in the last section. In Fig. [2](#Fig2){ref-type="fig"}, we present the ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\rm{QSL}}}/\tau $$\end{document}$ with the behaviors of non-Markovianity of a two-level atom in terms of the coupling strength $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\gamma }_{0}/{\omega }_{0}$$\end{document}$ and for different numbers of additional atoms in the reservoir. Here, the ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\rm{QSL}}}/\tau  < 1$$\end{document}$ shows the potential capacity for quantum dynamical speedup. As we can see in Fig. [2](#Fig2){ref-type="fig"}, in the critical point from no-speedup to speedup of quantum evolution, the Markovian environment becomes non-Markovian. Also, it is surprisingly seen that although increasing the number of additional atoms leads to more decrement of the QSL time, the non-Markovianity of the system does not always increase by inserting the additional atoms into the reservoir. This means that, non-Markovianity which is induced by the memory effect of environment cannot always induce dynamical acceleration in our considered model. To justify this, according to Eq. ([21](#Equ21){ref-type=""}), it should be noted that when $\documentclass[12pt]{minimal}
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For more investigation of this interesting finding, we proceed further by considering a V-type three-level atom in the presence of similar and additional atoms. In this regard, the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$${\tau }_{{\rm{QSL}}}/\tau $$\end{document}$ with the non-Markovianity of the V-type three-level atom has been presented in Fig. [4](#Fig4){ref-type="fig"} and with the negative energy spectrum of the total Hamiltonian in Eq. ([8](#Equ8){ref-type=""}), has been presented in Fig. [5](#Fig5){ref-type="fig"}. In addition to the previous observations that are also seen for the model considered here, we find that the speedup phenomenon is occurred faster by increasing the SGI parameter. Also, it is clear that increasing the SGI parameter leads to improvement of degree of boundedness, which in turns causes the speedup of the evolution. Consequently, these results reveal that the appearance of system-reservoir bound state with a higher degree of boundedness ensures the enhancement in the intrinsic speed of evolution irrespective of non-Markovianity of the system.Figure 4The QSL time (blue solid line) and non-Markovianity (red dashed line) for a V-type three level system in terms of the coupling strength $\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{0}^{-1}$$\end{document}$). Also, lines with the square marks are plotted for *θ* = 1 and without the marks are plotted for *θ* = 0.Figure 5The QSL time (blue solid line) and non-Markovianity (red dashed line) for a V-type three level system in terms of the coupling strength $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\gamma }_{0}/{\omega }_{0}$$\end{document}$ and with different numbers of atoms in the reservoir as (**a**) *N* = 1, (**b**) *N* = 3, (**c**) *N* = 8 and (**d**) *N* = 30. The values of the used parameters are $\documentclass[12pt]{minimal}
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Conclusion {#Sec6}
==========

In conclusion, the mechanism of quantum speedup for a two-level system and a V-type three-level system has been studied in the presence of additional systems from two perspectives: non-Markovianity and formation of a system-environment bound state. We have demonstrated that although non-Markovianity governs the quantum speedup in the absence of additional systems, it is neither necessary nor sufficient to speed up the quantum evolution when the environment becomes complex in the presence of additional systems. Also, it has been revealed that the bound state of the whole system plays a deterministic role in quantum speedup of the considered systems. In other words, providing bound states with more negative energy can lead to greater speed of quantum evolution. Our results may open new perspectives for acceleration of evolution through engineering the formation of a bound state.

Methods {#Sec7}
=======

Dynamics of a *N* two-level system immersed in a common reservoir {#Sec8}
-----------------------------------------------------------------

Here, we want to derive the dynamics of an open two-level atomic system in the presence of ($\documentclass[12pt]{minimal}
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It is common to use the Lorentzian function as the spectral density of the reservoir. So, we take it as follows$$\documentclass[12pt]{minimal}
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Moreover, tracing over the reservoir and the ($\documentclass[12pt]{minimal}
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Dynamics of *N* V-type three-level system immersed in a common reservoir {#Sec9}
------------------------------------------------------------------------

In the following, we derive the dynamics of an open V-type three-level atomic system in the presence of ($\documentclass[12pt]{minimal}
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